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Abstract

The influence of ion-neutral interactions (charge exchange, elastic scattering) on
scrape-off-layer (SOL) stability is studied in the eikonal limit for a single-null X-point
geometry typical of tokamak divertors. Instability drives due to curvature and to the ion-
neutral drag effect are included in the model. The ion-neutral interaction terms are highly
localized near the divertor plates; these terms are stabilizing for typical parameters and
large enough to affect the SOL ballooning-interchange stability in the absence of
resistivity. It is shown that the growth rate of ideal curvature-driven modes is
significantly reduced by the ion-neutral interaction terms; the growth rate of resistive
ballooning modes is not affected much by the neutrals, because resistivity allows the
mode to disconnect from the divertor region. In both cases, the X-point geometry
significantly affects the stability. An ion-neutral drag instability localized near the plates
isonly found in a small region of parameter space. Conditions for the existence of this

instability in X-point geometry are discussed.
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|. Introduction

Neutral particles play an important role in the equilibrium and energy balance of
tokamak divertor plasmas. Neutrals and ions are coupled by the processes of charge
exchange, ionization and recombination. This coupling isillustrated in a striking way by
the phenomenon of detached divertor plasmas, in which the plasma density, temperature
and pressure are quenched at some distance from the divertor plates by the interaction
with neutral particles.

Recent work suggests that ion-neutral interactions can also influence the
magnetohydrodynamic (MHD) stability of interchange-ballooning modes in the scrape-
off-layer (SOL) and divertor plasmas.1-3 Elastic collisions and charge exchange between
the ion and neutral fluids introduce an effective frictional forcef = —v (u —ug) = —
Opo/p, where the latter form of f follows from the equilibrium pressure balance relation.
Here, the subscript O denotes neutral quantities, v isthe frequency of ion-neutral
“collisions’ (typically dominated by charge exchange), (u — ug) denotes the relative
speed of theion and neutral fluids, p isthe plasmamass density, and pg is the neutral
pressure. Thisfrictional force yields both a stabilizing collisional damping of MHD

modes and a new source of instability. Thisisillustrated by the following dispersion

relation:
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where w is the MHD mode frequency, fi; = w/(w + ¢g) and wp =i N ké02/4n The
angular brackets denote the appropriate field line average, [Q[E [dsw |(%|2 Q/ [dsw |(%|2,
where sisthe arclength along the B field, w = ké/ vg is the appropriate weighting
function, and (% isthe eigenfunction ((% = constant in the k| = O interchange limit). The
termsin Eq. (1a) describe the plasmainertia, the magnetic field line bending energy
(including the effect of resistivity), the ion-neutral collisiona dissipation, the curvature-
drive term, and the ion-neutral drag instability4-> drive term.

In the “unperturbed neutral” limit (where the neutral density, temperature and
velocity are regarded as unperturbed by the mode), the neutral instability driveis
analogous to the gravitational instability with the effective gravity replaced by f. Taking
into account the charge separation induced by the f x b drift, one finds that an initial
density perturbation will grow if the condition k xb O Inp kx b« f <0issatisfied,
which implies yﬁ > 0in Eq. (1). Thus, the condition for instability imposes the
restriction that the plasma density and neutral pressure gradients have componentsin the
same direction. More rigorous stability calculations (see Ref. 1 and Sec. I1) verify this
simple physical picture.

Recently, several aspects of the ion-neutral drag instability have been investigated
in order to understand its relevance to SOL and divertor plasma stability. The linear
interchange stability picture has been discussed in slab geometry for both the unperturbed
and perturbed neutral regimes. In thiswork, afluid treatment was given for the small
mean-free-path limit and a kinetic treatment was used for the long mean-free-path neutral
regime. Other work using afluid treatment in more realistic X-point geometry2 suggested
that the ion-neutral drag instability might have a significant growth rate when the

dominant ion density and neutral pressure gradients are in the same direction. Finally, a



simulation of the nonlinear phase, again in slab geometry, concluded that the saturation
levels of the mode could be substantial .3

Two aspects of the problem require further treatment in order to draw conclusions
about the relevance of thisinstability to realistic tokamak plasmas. First, the stability
picture was shown to be extremely sensitive to the details of a model X-point geometry
and to the assumed plasma and neutral profiles.2 Second, the localization of the neutrals
to the divertor region implies that the influence of the ion-neutral friction on extended
MHD (ballooning) modes must be determined by a self-consistent numerical solution
including the other important termsin the ballooning equation (line-tying, line-bending,
resistivity, etc.). The sensitivity of the growth rate to the eigenfunction weighting is
evident from Eq. (1).

The present paper extends previous work on ion-neutral stability physics by
carrying out numerical solutions of the ballooning equation for amodel X-point geometry
(using the techniques of Ref. 6) with plasma and neutral profilesthat qualitatively
describe high-recycling and detached divertor plasmas. Our numerical survey shows that
the condition for theion-neutral drag instability istypically not satisfied for realistic
equilibria. In two of the cases studied (high-recycling and completely detached plasmas),
the instability drive for interchange-ballooning modes is the usual curvature drive, the y\f
term is stabilizing, and the friction term ivw also contributes to a reduction in the growth
rate. In thelimit of negligible resistivity, relevant to modes with very low n (toroidal
mode number), the neutral terms can have a significant stabilizing effect. In the resistive
limit, relevant to high-n modes, the most unstable eigenmode decouples from the divertor
regions and the effect of the neutrals on the instability disappears. The resistivity also
permits an instability branch localized in the divertor region and driven by yg This

branch has also been found numerically for a“semi-detached” equilibrium (described in



Sec. V) which satisfies the analytic instability condition but may not be physically
consistent.

The plan of this paper is asfollows. In Sec. |1 we derive the genera fluid stability
expression retaining neutral perturbations. Although an accurate treatment of the neutral
perturbations can only be done kinetically, the fluid derivation allows us to show that the
relevant coupling parameter is A =ipv / (ipv + pg (go + ipo ké Do), whereu%: w-k-
up and D isthe neutral viscous diffusion coefficient defined in Sec. 11. The “unperturbed
neutral” fluid model isvalid in the limit A << 1, and we derive a ballooning equation in
this limit which incorporates both the effect of neutrals and of plasmaresistivity. In Sec.
11, our equilibrium model is described, consisting of a“two-wire” model for the X-point
geometry and analytic plasma and neutral profilesfor avariety of divertor plasma
regimes. In Sec. IV, the numerical results are described and a brief survey of the

relevant parameter spaceisgiven. A summary and discussionisgivenin Sec. V.

II. Basic Equations

In this section, we summarize the derivation of the neutral-drag contribution to the
ballooning equation including the neutral perturbation terms ( l% , p% # 0). Althougha
kinetic treatment ! is needed to describe neutral perturbations in the limit of long-mean-
free-path neutrals, afluid model is adequate to describe the high-neutral-density divertor
regimes of most interest for the ion-neutral drag instability.

The starting point of the calculation is the following set of plasma and neutral

fluid equations:
%‘ﬁ O- (pu) =0, )
0.+ 0. (poug) =0, ®
p &~ £9%B+Dp+pv(u-ug =0, @
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po$+ Opo —pv(u — Ug) ~poDoD2up=0 , 9)

E+uxB-nJb=0 ©)
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Equations (4) and (6) can be solved for J; and up to obtain:
ug = -bxgE, ©)
c d
Jo = gbx{Op+pv(u-ug) +pg }. ©

Note that the subscript 0 is used here to denote neutral quantities, not equilibrium values.
Here, p =mj n; + mg Ne and pg = Mg Ng are the plasma and neutral mass densities, u and
ugp are the plasma and neutral fluid velocities, E and B = Bb are the electric and magnetic
fields, J isthe plasma current, p = p; + pe and pg are the plasma and neutral fluid
pressures, Q; = (eB/mjc) istheion cyclotron frequency and n isthe paralel resistivity.
Following Daughton et al.1 asimplified form of the neutral viscosity isintroduced into
the neutral momentum equation, Eq. (5), where the neutral viscous diffusion coefficient is
defined by Do = VCZ/(ZV 0) and vg is the neutral thermal speed. The collision frequencies
are defined asfollows: v = ng <ov>j, andvg =n; <ov>in = (p/pg) v aretheion-neutral
and neutral-ion collision frequencies, respectively. The form of viscosity used hereis
valid in the collisional limit (d/dt, ké Do << vq) asdiscussed in Ref. 1. In the numerical
work to follow, we use the approximate formula <ov=>j, = ajn Vj, Wwherev;j istheion

thermal velocity and the cross-section for charge exchange is given by ojp = 5 x 1015

om2,
It follows from this system of equations that the plasma-neutral equilibriumis
given by
Opo = pv(u—ug) , (10)
c
uD:—bxgE, (1)



Jo = gbx{Op+pv(u-ug)}, (12)

where the equilibrium viscosity term is assumed to be negligible.

To simplify the derivation of the stability equations, we make the low-frequency
approximation w, v << Q3. The generalization to finite w/Q; is straightforward but tedious
and adds little physical insight. We also use straight magnetic field lines in the derivation
of the neutral stability terms and add the curvature drive term back into the final result.
The ballooning equation is derived from the linearized version of Eg. (7) with the
perturbation of a quantity Q varying as 5 O exp[k «x — wt]. Inthe eikonal limit
(koL >> 1, where L isany equilibrium gradient length) the following result for O « Jis
obtained

d
0-Jn=-gb-Ox{p g +p(u-ug}. (13

We linearize Eq. (13) in the electrostatic approximation (E = E: 0). Neglecting higher
order termsin the elkonal approximation, we obtain

0-9h = S{ p@+v)k xb. U+ip@+iv)bxDp.

U
+ipvkxb-(u—uo)(g+Sg)—ipvkxb-umo}, (14)

wheretd= w—k- uisthe Doppler-shifted frequency in the plasmarest frame. At this

point we introduce the notation

Q:>k<2k +\k(2k><b, (15)
Qoz%k +%kxb, (16)

withX =k-t Y=k xb- b Xg=k-ld and Y= k x b - i} . The linearized versions of

Egs. (2) and (3) can then be written in the form

E: é(x—ikszXb-Ellnp), 17)
ﬁ: cé)(xo—ilzokxb-ljlnpo), (18)



where again higher-order termsin the eilkonal approximation have been omitted and the

definition (Q) = w —k -ugisintroduced. The perturbed electric field is given by

[J 190
E=-00- ¢ GA. (19

where E 0 vanishes in lowest order for the incompressible (0« u = 0) interchange-
ballooning modes of interest here. Thus, in the low-frequency limit Eq. (11) yields

ick?
X=0, Y:_T(p' (20)

The solution of the linearized Eq. (5) for @o employing Egs. (15) - (18) implies

k2v2
X0=Q{X+k-(u—uo)E—i\%0§8}, (21a)
YO:Q{Y +kxb- (u—uo)E} , (21b)
A= PV = Wo , (210)

ipv+pogo+ ipokéDo ivo+50+ikéDo

whereY =1+iaA, a= (kévé/ W Vg) = (k2D )\(2)) (vo/w) and Ag =Vvolvg isthe neutra
mean-free-path. Inlinearizing Eq. (5) to obtain Eq. (21), we have neglected the neutral
temperature perturbation (Po = 0) and have used the equilibrium relation pg = po vg.
From Egs. (18) and (21) we note that the perturbed neutral quantities Eo and @o are
proportional to A, so that thisisthe desired coupling parameter (0 < A < 1) for neutral
perturbation physics. The effect of neutral viscosity is contained in A and the perturbed
pressure term (Cx ) entersin the coefficient Y.

Finally, combining Egs. (14) - (21), making use of the approximation kL >> 1,

and adding back the curvature drive term yi, we obtain:

0.5 = %{E&hy@a—/\)(vk}hyﬁ)

yﬁ * (U —Ug ni
Ak (EJO )+I|_—nOQBO]}’

(229)



where the drive terms for the magnetic curvature- and neutral collision-driven instabilities
are defined in Eq. (1) and the radial scalelengths Ly and L noin Eq. (22) are given by

L'=kxb.Olnp, (22b)

Lo=kxb-Olnpo. (22¢)
Thefirst two termsin Eq. (22a) are the plasma inertia and curvature-drive terms. The
quantity y\Z) isthe square of the growth rate of theion-neutral drag instability in the
unperturbed neutral limit (A — 0), as obtained in the early calculations.4> The terms
proportional to A represent the effects of the neutral perturbationsin the fluid model;
specifically, thetermsin Eqg. (22a) with A and A/Y arise from the terms proportional to
uDo and ;9) respectively, in [ - FD.

It is useful to examine the limiting cases of Eq. (22a). Recall that fluid theory is
valid when k A << 1, and the collisional limit vg /> >> 1 has already been assumed in
writing a specific form of the viscosity in Eq. (5). Thus, the magnitude of o isgiven by
the product of a small term with alarge one and is not fixed by our ordering; it depends
on plasma and neutral densities and the wave vector (toroidal mode number). If the limit
o << 1listakenin the perturbed neutral momentum equation, the viscous termis
negligible compared with the inertial term, and the neutral pressure gradient term can be
neglected compared with the neutral friction term in the perturbed Eq. (5). This means
that k2D Dg << Qo inA andY - 1inEq. (224). In the opposite limit (a >> 1) both the
perturbed viscosity and pressure terms are important; in fact, the perturbed pressure term
causes Y to be large, so that termsin square brackets in Eq. (22a) can be neglected in
agreement with the corresponding kinetic result of Ref. 1.

The "magnetic line bending" term in the ballooning equation is given by [ - P”
WhereF“ = (c/4m) k2D E - In the present ordering Ohm'’s Law, Eq. (6), reduces smply to
the MHD constraint IJ:]” =n F” which requires that (w + ¢y) (i E" /c)= IZI||(%, where we



have defined wy =i n kéc2/4n. Thus, the line-bending term in the ballooning equation is

given by

k2
Ji =
OeJ; = 4T[ w O (p (23)

The ballooning equation is obtained by combining Egs. (20), (22) and (23). Making the
nonessential but simplifying assumptionsthat k -u << wand ;B = 0, and retaining

neutral perturbation terms (A # 0) with a >> 1, the ballooning equation becomes

|:||| k

EI||(p+ — [oo2+ +(1- /\)(|vw+y2)] @=0, (249
a

0 Q)+ W
which agrees with the kinetic result [Eq. (106)] of Ref. 1 when the collisiona fluid limit
(o, ké Do <<vq) istaken. This equation isto be solved subject to the usual sheath
boundary condition&7 of matching theF” of the MHD perturbation to the perturbed

sheath current:

[1_ -1wo
Ojing= k22°”235 , (24b)

VaPs

where cs = (Te/ mj)Y2 istheion sound speed, ps=cs/Qj, and ag=b-n/|b -n|=+1 with
n defined as the unit vector normal to the plates and pointing towards the plasma (not to
be confused with the toroidal mode number n introduced subsequently). The effect of
neutral collisions on the sheath currentsis not included in Eq. (24b). A treatment of the
effect of ionization in the sheath region on conducting-wall (sheath-driven) modes was
givenin Ref. 7.

In EQ. (24a), there is a competition between two neutral effects: a stabilizing
damping and the potentially destabilizing ion-neutral drag instability. Near the X-point
thereisarapid poloidal variation of the components of k and the equilibrium profiles,
which produces oscillations in sign of the drive term y2K + y\Z) along thefield line, so that

the stability problem is potentialy very sensitive to the details of the equilibrium. This

10



motivates the numerical work in Sec. IV. In passing, we note also that Eq. (24) does not

contain the sheath instability (i.e. conducting wall modes6.7) because for simplicity the

analysis here has not retained an equilibrium electric field or temperature perturbations.
To understand the effect of neutral viscosity on ballooning modes, we observe

that the neutral termsin the ballooning equation (24) are proportional to

2
80+|k Do
1-A = -~ (25q)
ivo+ & +i k% Do
1,2,2
?kDAO
~ L= = (o >>1) (25h)
1+ 1122
2Kgho

where the small inertial contribution was neglected for a >> 1. This result shows that the
effect of ion-neutral friction on ballooning modes is negligible when both the plasma
inertiaand neutral viscosity are small compared to the collisional damping. In thislimit
the neutral perturbations “wash out” the effect of the neutrals because the neutrals are
carried with the plasma, eliminating the frictional forces that cause damping and
instability. The effect of neutral viscosity isto make the neutrals more “rigid” and to
increase the strength of the neutral effects.1

The scope of the remainder of this paper will be restricted to the unperturbed-
neutral limit (A - 0)inwhich the neutral physics has the maximum effect on the
ballooning stability, although this limit is not justified in all cases. The vaidity of this

approximation will be discussed in Sec. V.

11



[11. Tokamak Equilibrium M odel
A. Magnetic Geometry

The B-field representation used hereisidentical to that of Ref. 6 and the reader is
referred to the earlier paper for additional details. The magnetic field is expressed in

toroidal flux coordinates (W, X, @) as

B=Bgep + %e(px Oy, (26)

where W isapoloidal flux function, x isan angle-like coordinate in the poloidal
direction, @isthetoroidal angle with eq the corresponding unit vector, and R is the major
radius of the tokamak. The Jacobian of the transformation to flux coordinates is specified
by [OW| =|0x| = RBp (where By is the poloidal magnetic field), and one then obtains the
following projection of the eikonal wavevector in these coordinates:

_ 1
kD/n——WB x OW+ (Bk— BkO) gy (27)

In EQ. (27), nisthe toroidal mode number, ko isan integration constant, and the
function B(X) is determined by an integration along the field lines:

2 0B
00y Bk = 0

RBp 0¥ (28)
In the numerical implementation of Egs. (26) - (28), we employ a“two-wire”
model, 6 in which the poloidal magnetic field is represented as the vacuum field obtained
from two linear current-carrying filaments. Selected flux surfaces are shownin Fig. 1 for
the magnetic field geometry used in this paper; the parameters have been chosen to give a
representative single-null X-point equilibrium. For the numerical calculations the flux
coordinates arerescaled, (W, x) - (y,0), in such away that the coordinate 8 isatrue
angle. The X-point islocated at 6 = 0 (outboard) and 21t (inboard), and the outer and
inner divertor plates are located at 61 = —d and 02 = 21t + 9, respectively, with d = 0.17.
The symmetry plane, equidistant from both plates, is located at the top of the torus (6=
m). Thefield linecurvature K=b - [b = Ky gy + Kg eg withb = B/ B iscalculated in the

usua way from Eq. (26) to obtain the MHD ballooning mode instability drive.
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The function B(8) is determined by integrating Eq. (28) from 8 = 81 to 6, (plate
to plate) with the integration constant Bxo = Bk(6o) defined such that ky, vanishes at the
point 8 = B5. Here, B isregarded as the parameter which determines the orientation of
k. It can be shown numericaly that ko O 1/Bp and theratio k y/kg are rapidly varying
functions of 6 near the X-points for any value of 85 [see Fig. 5 of Ref. 6]. The singular
behavior of k near the X-point has important consequences for the stability analysis,
because it gives alarge weighting to the divertor region, thereby enhancing the effect of
both the neutral physics and resistivity on MHD modes.

The ballooning equation (24a) and sheath boundary condition (24b) are
transformed into the (), ) coordinates and the following useful identity is obtained, valid
for any scalar function Q(y, 6),

1 _ 1
nko® bXHQ =~gey

[855 (B Ao R2B;93] . (29
where Cpy isdefined by [OW | =|006 | = Bp/Cp. Finally, the field-line average [QUin Eq.
(1), obtained by integrating Eq. (24) along the field line, takes the following form in these
coordinates:
i fos @2 (k2 1v2) Q ~ Jae c%(kélssvg) 0
@2 e c%z(kélsgvg) ’

(30)

where )| = 0/0s defines the arclength.

If one applies Eq. (29) to the definitions of yﬁ and yg in Eq. (1), itiseasly seen
that the drive terms for the curvature and neutral drag instabilities are sensitive to severd
aspects of the model: (1) the magnetic shear introduced by the X-point [which determines
the function Px(0) in the solution to Eq. (28)] ; (2) the choice of 84, which determines
Bko; and (3) the plasma and neutral density and pressure profiles [symbolically, A(y,6) in
Eq. (29)]. These dependences will be studied numerically in Sec. IV. In the next section,

we describe the analytic plasma and neutral profiles used in the stability calculations.
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B. Plasma and Neutral Profiles

In the present work, we use analytical profiles for the plasma and neutral densities
and temperatures that alow areasonable, although not completely self-consistent,
description of the attached and detached divertor regimes of operation. The use of model
profiles makes possible a more complete survey of parameter space than would be
possible with numerically-computed equilibria. We have investigated several equilibrium
models and the one discussed here is sufficiently general to illustrate the basic physics of
ion-neutral interactions. It will be shown that the MHD stability properties of the divertor
region depend on the details of the profiles.

The plasma and neutral profiles are assumed to have the following forms:

Pt = Pr(8) exp[«W — Uo)Ap] Gla)
Ne=n;j = N(B) exp[(W — Ub)Anl , 31b)
Te=Ti=T(6) exp[(¥ ~ o)A, (31¢)
no = No(8) exp[ (W — W) Ano(0)] (31d)

To = constant . (31¢)

Here, pt =p+ po=(neTe+nj Tj) + ng Toisthe total pressure of the plasma and neutral
fluids, ne and T ¢ are the electron density and temperature, ng and T g are the neutral
density and temperature, and 1/Ap = /A + L/At. For simplicity, wetakene=n;j, Te=Ti;
and T g isassumed constant along the field line. For attached plasmas, the total pressure
pt is constant along the field line, whereas for detached plasmas pt is assumed to decrease
near the divertor plates. The profile ng(0) is chosen to give an exponential decay of the
neutral density from its maximum value ngq at the divertor platesto aresidual value ngy
upstream at the SOL symmetry plane (8 = 1). The scale length L g of ng(0) is chosen to be
shorter in the recombination-dominated (detached) plasma than in the high-recycling

(attached) plasma, appropriate to the different sources of neutralsin the two cases. T(8)
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is specified to give a decrease of Te from the upstream value Tg, to the value Tgq at the
divertor plates. The density variation n(6) along the field line is obtained numerically by

solving

N(W6) =) =AW To, @)

aong the field line. In the attached case, where pt(6) = const., Eq. (32) corresponds to the
parallel pressure balance constraint. The physical motivation for Eg. (32) in the detached
case will be discussed subsequently.

Theradial scale lengths A, and At are assumed to be equal and constant in 8, for
simplicity, and positive to ensure radial decay of the plasma pressure, density and
temperature away from the separatrix. The variation along the field line of the radial scale
length, Ano(0), isrequired to model the complicated T e dependence of the ion-neutral
physics. For detached plasmas, there is aregion near the divertor plateswhere Te<5eV
and recombination processes dominate.9 In this region, the neutral density islargest just
outside the separatrix, which is modeled here by taking Apg > 0. Farther upstream where
Te>5¢eV (or for attached plasmas, where this condition is fulfilled everywhere), the
neutral density is determined by a balance between recycling and ionization; in this
regime ng peaks radially near the walls, which ismodeled by taking Apng < 0. The
function Ano(0) is chosen to give a smooth transition between these two regions. The
parameters Ap, At, and those determining Ano(0) are held fixed for al the calculations
reported here.

Figure 2 shows the variation of nj, ng, and T ¢ along the field line for two reference
equilibria: an “attached, high-recycling” case (Teg =10 eV, pw/pu = 1.0, To=1¢eV,
Pod/pPtu = 0.05) and a*“detached” case (Teg= 1€V, pw/pw = 0.07, To =1 eV, and pod/ptu =
0.05). The upstream parameters have the following values for both equilibria: ng; = 1.1 x
1013 ecm3, Ty =50€eV, To =1 eV, and pou/pru = 0.001. The value of pgg, the neutral

pressure at the plates, was chosen to make the neutral density approximately equal to the
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ion density at the plates in the high-recycling case; note that the neutral contribution to
the total pressure is small in all cases considered here. Several qualitative features of
these equilibria are important for understanding the sign of the ion-neutral stability terms
discussed in Sec. IV. Thereisasmall recombination region (Te < 5 eV) for the detached
case[Fig. 2 (b)], whereas Te > 5 eV everywhere for the high-recycling case [Fig. 2 (a)].
In the attached plasma equilbrium, nj increases near the plates to maintain constant total
pressure as Te decreases, but both nj and T ¢ drop near the plates for the detached plasma.
Note that the latter equilibrium shows a partial detachment of particles (n;) and agreater
degree of detachment of energy (Te) and total pressure (p). The “missing” pressure in the
real divertor is absorbed by the walls and dissipated by neutral viscosity, which is outside
the scope of the present ssimplified fluid model and is qualitatively described by making

the total pressure pt(0) in Eq. (32) decrease in the vicinity of the divertor plates.

V. Numerical Stability Results

An extensive survey of parameter space has been carried out to determine the
MHD stability properties of the equilibria described in Sec. I11. In this section, we will
show that ion-neutral interactions tend to be stabilizing for ballooning-interchange
modes. The ion-neutral drag instability driven by y\2) isfound in only asmall part of
parameter space and only for resistive eigenmodes that are highly localized near the
plates.

For each equilibrium shown in Fig. 2, we have studied the dependence of the
growth rate on the neutral and total pressure at the plates, pog and ptg, which are
parameterized here by the ratios dpo = pod/Pu and O = Pw/Pw; the electron temperature
Teq at the plate; the toroidal mode number n; and the parameter 6o, which determines the
orientation of the wavevector k. The calculations were done with and without the effects

of resistivity [the wy term in Eq. (24)], contrasting ideal and resistive ballooning theory.
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For the resistive calculations, the product of the effective charge state and the Coulomb
logarithm was taken to be Zgts INA = 26. Finally, the stability calculations were carried
out on two reference field linesin the SOL ( = 0.01 and 0.03, where Y = 0 isthe
separatrix); in physical terms, these field lines are located respectively one and three
radial scale lengths outside the separatrix.

A summary of the calculations for toroidal mode number n=100isgivenin
Tables| and I1. Shown in Table | are the growth rates y = Im(w) in units of 103 s'1 for the
most unstable mode after maximizing over 8,. The first conclusion to be drawn from
Table | isthat the stability properties of the two reference field lines are quite similar,
and in the remainder of this section we will discuss only the innermost field line (Y =
0.01). On each field line, the growth rates are similar for the high-recycling and detached
equilibria. Thisis somewhat fortuitousin the ideal MHD limit; it happens that the sum of
the two neutral terms, i Nl + N\Z) [, is nearly the same for the two cases, even though the
relative size of the neutral terms are quite different [see Table I1]. The important point is
that the combined effect of the ion-neutral interactionsis stabilizing for both equilibria.
Finally, Table | shows that resistive ballooning modes are much more unstable than ideal
ones for these X-point equilibria. The reason is that the solution of EqQ. (27) generates a
large k near the X-point for the most unstable 6,.6 The singularity in k 7 produces a
large value of wy [h k2 , and thus allows the resistive ballooning mode to avoid the
neutrals in the divertor region without being stabilized by the magnetic line-bending
energy.

This behavior isillustrated in Fig. 3, which shows the eigenfunctions (%(6) of the
most unstable ideal and resistive ballooning modes for the the high-recycling equilibrium
(¢ =0.01). Theideal mode has the usual ballooning character, being larger in the
unfavorable curvature region (0 < 1), and isfinite in the outboard divertor region. (The

small depression near the outboard divertor plate at 6 = —0.17 is caused by the stabilizing
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effect of the neutrals.) The resistive eigenmode is more strongly localized in the
unfavorable curvature region and vanishes in both divertor regions; thus, this mode
maximizes the curvature drive and avoids both the line-tying effect of the divertor plates
(negligible for high n, but substantial for low n) and the stabilizing effect of the ion-
neutral collisions. From Table Il we note that the most unstable ideal eigenmode has 6, =
3.6, whereas the most unstabl e resistive mode has 6, = 1.5, indicative of its greater
localization on the outboard side. For the detached equilibrium, the most unstable ideal
mode (not shown) has 6 = 6.3 and is interchange-like, (%(6) = constant; the resistive
eigenfunction for this case is similar to the one shown in Fig. 3. Thus, for both equilibria
the combination of X-point geometry and a modest value of resistivity allows the most
unstable resistive ballooning mode to avoid the stabilizing divertor region.

We can understand the mode dynamics in more detail by evaluating the integrals
in the dispersion relation, Eq. (1), using the eigenfunctions corresponding to Tablel. The
most important terms are given in Table |1, normalized to the curvature drive. The neutral
terms are stabilizing for all cases studied, and the instability drive is due to the curvature
alone. Comparing the ideal and resistive solutions for the same equilibrium, we see that
the line-bending penalty [, kﬁvéﬂi ncurred by the resistive eigenfunction in avoiding the
divertor is smaller than the decrease in the stabilizing neutral terms. More important, the
increased line-bending energy is also compensated by a much larger increase in the
curvature drive MiDdue to the mode localization in unfavorable curvature region.
Because of these two effects, the resistive growth rate is an order of magnitude larger
than the ideal one. In theideal MHD limit, the neutral friction term iM[d ismuch larger
than the line bending term; the (stabilizing) ion-neutral drag term M\Z) [Jis unimportant for
the high-recycling case but is comparable to the neutral friction term for the detached

case.
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To understand the influence of the equilibrium profiles and magnetic geometry on
the ion-neutral drag instability, it is useful to write out the geometric dependence of y\% &

follows:

V2= kxb.Olnp kxb-Opo,
p K5

an . om. o dpo_ po
O (ke o l.IJae)(ke oy kllJ ae)a

~ 29N 0po | |2 0N Opo

6oy op T ¥woe op - Twe Tee . (33)

where the last line follows from the numerical observation that in most of the cases
studied here the sum of the off-diagonal terms were smaller than the sum of the diagonal
terms, Tyy + Toe. Although all terms are retained in the numerical calculations, itis
useful for purposes of discussion to make this approximation. For the high-recycling
equilibriumin Fig. 2 (@), the two terms have opposite signs (Tyy <0, Teg > 0) and tend
to cancel, so that m\z) [0 makes a negligible contribution in this case. More generally, the
function Tgg(0) is highly localized near the plates whereas Ty (0) islesslocalized, so
that the latter stabilizing effect would be expected to dominate. Moreover, even if we had
setAp — oo, implying Tyy =0and Ns 0> 0, the sum of the neutral terms EI\Z) O+ iND

is negative (stabilizing) for the ideal high-recycling case shown in Tablell. Inthiscaseit
isdifficult to arrange a net destabilizing neutral contribution. For the detached
equilibriumin Fig. 2 (b), the dependence is al'so complicated: Ty, is positive in the small
recombination region and negative in the much larger ionization region, but the line-
average of Ty is negative and therefore stabilizing. Thus, asmall region near the plate
dominated by recombination physics is not sufficient to drive spatially-extended
ballooning modes unstable via the ion-neutral drag mechanism. The Tgg termisaso
stabilizing for the detached equilibrium, because the gradients along the field line of nj

and po are in the opposite direction near the plate. To summarize this discussion, for the
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two cases shown in Fig. 2 wefind that m\z} [ 0 and theion-neutral drag term contributes
to stabilization of spatially-extended (interchange-ballooning) modes for typical
parameters. The stabilization is enhanced by the additional ion-neutral dissipation term,
iMld. The possibility of spatially-localized modes will be discussed subsequently.

The stabilizing effect of theion-neutral collision terms, i Ml + m\z} [Jincreases
with neutral pressure as shown in Fig. 4, where we plot the growth rate y(103 s-1) versus
the parameter dpp = pod/Pru for the high-recycling equilibrium (@ = 0.01). Figure 4 shows
that the growth rate drops monotonically with dpg over the range shown for both ideal
and resistive modes, although the effect isweak in the latter case. The upper limit of dpo
= 0.05 corresponds to the condition that noq < njg in the high-recycling case used here. A
similar dependence of y on dpp is obtained for the detached case (not shown).

The dependence of the growth rate y of spatially-extended ballooning modes on
Teg comes about through two equilibrium effects. (1) the pressure weighting of the
curvature in the divertor region (asmall effect); and (2) the dependence of niq, and
therefore 0nj/06, on Teg through the pressure balance constraint, Eq.(32). These effects
are negligible for resistive ballooning modes, which entirely avoid the divertor region.
For ideal modes, there is a dependence of y on T g only when the M\Z) [term makes a
significant contribution to the dispersion relation. Thus, the detached equilibrium is much
more sensitive to Teg than the high-recycling one (see Table ).

A plot of the growth rate y(103 s-1) of the most unstable ideal mode versus
Teq(eV) isshownin Fig. 5 with all other parametersthe same asin Fig. 2 (b). For these
parameters, the most unstable ideal eigenfunction (obtained for 8o = 6.3) is nearly
interchange-like. The total pressure and temperature are detached from the divertor plates
(Pa/pu <<1, Ted/Tey << 1) for therange of Teqg Shown in Fig. 5. However, the density at

the platesis a sensitive function of Teg. For Teg < 0.6 €V, njg islarger than the upstream
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density, so that dnj/08 < 0 near the plates and N\Z) [> 0, driven by the 6 dependence of n;
and po. Thus, the sharp increaseiny asTeg —» 0 (Nig — ) isdueto the ion-neutral drag
instability. For example, at Teg = 0.1 eV, the line-averaged ion-neutral drag term mg Ois
more than twice as large as the line-averaged curvature term NiD For Teg>0.7€V, njg is
smaller than the upstream density, with the result that 0nj/d8 > O near the plates and

m\z} [ 0. Thus, in this parameter regime m\z} [is stabilizing and accounts for the decrease
iny with Tgg. Figure 5 shows that the ideal mode is completely stabilized by this effect
for Teg > 1.8 €V when resistivity is neglected.

This discussion has one caveat. It is doubtful whether the equilibrium behavior
for Teg < 0.6 €V (i.e. theion density rise near the plates) is compatible with the physics of
recombination (except possibly when an ionizing energetic electron tail is also present),
but itisincluded in Fig. 5 to demonstrate that our ballooning code can find the ion-
neutral drag instability when the dominant gradients of nj and pg are in the same
direction.

We return now to the important role of resistivity in determining SOL stability in
the presence of neutrals. The competition between the effects of resistivity and ion-
neutral collisionsis shownin Fig. 6 as afunction of toroidal mode number n. Here, we
have plotted the ballooning growth rate y(103 s-1) versus n for four stability models:

() resistive ballooning without neutrals (dpo = 0), (b) resistive ballooning with neutrals,
(c) ideal ballooning without neutrals, and (d) ideal ballooning with neutrals. In each case,
the high-recycling equili brium was used with g = 0.01 and the most unstable 6, for n =
100 (see Table Il). Comparing curves (a) and (b), we find that the relative change in the
resistive growth rate due to neutrals isweak for n > 50. At very low mode numbers (n <
20) the resistive modes become ideal and consequently are strongly stabilized by a

combination of line-tying and ion-neutral collisions. As already discussed, the resistive
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eigenmode can avoid the divertor regions when wy, >> w, and this condition is more
easily satisfied at high n since wy [h ké 0 n2. Intheideal MHD limit [curves (c) and
(d)], theion-neutral interactions are strongly stabilizing for all n. The large difference
between the resistive and ideal curvesin thisfigure suggest that it isimportant to use the
resistive stability model in doing these calculations.

There are important caveats concerning the mode number dependence shown in
Fig. 6. At very low mode number, the eikonal formalism is suspect. In addition, fluid
drifts (w« terms) must be retained at intermediate and high n for an accurate quantitative
stability analysis, but the present resistive MHD model is sufficient to illustrate our main
conceptual points.

We have seen that an extensive search of parameter space yields the conclusion
that global SOL ballooning instabilities, extending from one divertor region to the other,
are driven unstable mainly by the curvature drive in the present model, where drift and
sheath instabilities are not retained. To the extent that neutral collisions matter at al, the
effect of ion-neutral friction tends to be stabilizing. The effect of resistivity on these
modes is to disconnect them from the divertor regions and reduce the effect of neutrals on
the modes.

It is natural to ask whether resistivity can also permit a class of modes which are
driven unstable by the ion-neutral drag mechanism and are localized in the divertor
region. We have obtained such solutions numerically for the low temperature detached
equilibria (Teq < 0.6 V) discussed in Fig. 5. In Fig. 7, the function 7 (8)/y/y, Where
Vmhd = Vi / (RAn) Y2 isatypical MHD growth rate, and the corresponding eigenfunction
(%(6) are plotted in the outboard divertor region (—=0.17 < 6 < 0) for the parametersn =
100, 65 = 6.3, Teg = 0.1 eV and Zgf In A = 0.5. The growth rate of thismodeis

substantial (y =242 in the units of Tablel). Note that the eigenfunction and instability
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drive are confined to the narrow region near the plate where 9/00 is largest, and the
eigenfunction peaks at the maximum of y\z) (6). Thewidth of the eigenfunction is already
quite narrow for the artificially small value of resistivity used in this case, and it becomes
even narrower as Zgff In A isincreased. We remark that here the growth rate for an
unstable mode localized in the outboard divertor region is maximized by choosing 69
near the inboard divertor plate (6, = 6.3), abehavior very different from a curvature-
driven MHD mode. The reason is that this choice of 6, makestheratio of ky/kg largein
the outboard divertor region, which in turn increases the ratio of Tgg/T yy [see Eq. (33)]
and therefore the drive term yﬁ . We conclude that even a small amount of resistivity
permits the existence of highly-localized instabilities driven by the ion-neutral drag
mechanism, but the conditions for positive yﬁ (8) are somewhat suspect, as discussed after

Fig. 5.

V. Summary and Discussion

In this paper, we have examined the influence of ion-neutral interactions, such as
charge exchange and elastic scattering, on the linear stability of MHD modes in the SOL
of tokamak divertor plasmas. The numerical calculations employ the high-n ballooning
eguation (ideal and resistive), applied to asingle-null X-point geometry with specified
plasma profiles along and across the magnetic field lines. In addition to standard MHD
physics (curvature drive, line bending, line tying, etc.), the ballooning equation, Eq. (24),
includes two ion-neutral terms, collisional dissipation [6? — w(w + ivw)] and the drive
term yﬁ for the ion-neutral drag instability, in the unperturbed neutral limit (A — 0). This
instability is well-known in experiments with weakly-ionized plasmas#> and was thought

possibly to be relevant to divertor plasmas.1-3
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The main results of this study are asfollows. First, it was shown that the ion-
neutral interaction terms can be large for modest neutral pressures (pod/pg <<1) and
densities (nog/nig < 1); the neutral termstend to be stabilizing for typical attached and
detached divertor plasmas [see Table Il and Fig. 6]. The conditions for obtaining the ion-
neutral drag instability are hard to obtain in divertor plasmas when realistic geometry is
considered. This point will be discussed further below. Second, our results indicate that
the resistive effects are especially important for SOL stability calculations with neutrals
in X-point geometry. When resistivity is retained, the magnetic line bending termis
reduced sufficiently near the X-points (where kg — o ) that the most unstable curvature-
driven eigenfunction avoids the stabilizing neutral effects in the divertor region. In the
resistive limit, the influence of the ion-neutral interactions on the growth rate is small for
high n (toroidal mode number). At low n, where the effects of resistivity are small, the
ion-neutral physics can beimportant [Fig. 6], but this limit is not accurately described by
our eikonal model.

It isimportant to understand the physical reason for the absence of the ion-neutral
drag instability for most divertor equilibria examined here. The analytic condition for the
ion-neutral drag term to be destabilizing (yg > 0) isthat Onj have a component parallel
to Opo [see Eg. (33)]. In X-point geometry with the most unstable 6, it isfound
numerically that ki >> kg in the region near the divertor plates where the neutral terms
arelarge. (This occurs because ky, is driven by the large magnetic shear near the X-point.)
Thus, the relevant instability condition is (g nj Cg po > 0. This condition can be satisfied
if Te decreases sufficiently strongly in the vicinity of the divertor plates (Teg << T &) that
the ion density rises, i.e. njg >> nj,. However, the total effect of the neutralsis

destabilizing only if yﬁ exceeds the stabilizing collisional dissipation, i.e. y\z)— yv >0,
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wherey isthe growth rate of the mode. Thisis a quantitative question, which can be
answered only by detailed numerical solution of the ballooning equation.

For the equilibria considered here, the detached cases do not satisfy
(g nj Lg po > 0, and the attached cases with Tgg > 10 €V fail to achieve\g > yv. Both
conditions were satisfied only for equilibriawith very low values of Te @ the plate, so
low, in fact, that the plasma would be dominated by recombination near the plates.®
However, it is not clear that high njq is physically consistent for a recombination-
dominated situation, and therefore a discussion of these cases was not emphasized. It was
noted in passing that the ion-neutral drag instability was obtained numerically for such
equilibriawhen a small amount of resistivity was used. Both global (near-interchange)
eigenfunctions and ones localized entirely in the divertor region [Fig. 7] can be obtained.

In summary, we have found that ion-neutral interactions in the divertor tend to be
stabilizing for ideal modes (for the most realistic divertor equilibria) and have little effect
on resistive modes, which tend to avoid the divertor regions. For SOL ballooning modes,
neutral particle effects should be largest at low toroidal mode numbers, for which a better
theory is needed. The possibility of unstableion-neutral drag modes localized in the
divertor has also been demonstrated, but more work is needed to evaluate whether the
requirements for these modes are physically redlistic.

Finally, we discuss the validity of the unperturbed-neutral (A = 0) fluid model
used in the numerical work. Equation (25) shows that the effect of viscosity enhances the
validity of the unperturbed-neutral model, but this effect islimited by the validity
condition of the fluid equations, ké )\(2) < 1. Infact, it is often difficult to justify fluid
theory for either the equilibrium or the stability of typical divertor plasmas, but akinetic
treatment is beyond the scope of this paper. Moreover, the present ssmple model was

used as ameans of exploring the important role of X-point geometry for divertor stability
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calculations and because the main conclusions derived from it are likely to be
independent of this approxi mation: (i) the result that y\% tendsto be stabilizing for reaistic
equilibriais expected to hold in more general models, because it was shown in the kinetic
treatment of Ref. 1 that the neutral perturbations reduce the growth rate but do not change
the sign of y; and (ii) the result that high-n resistive modes tend to avoid the neutral -
dominated regionsis not strongly affected by the details of the neutral model, aslong as
the effect of the neutralsis stabilizing. This effect is enhanced by the synergism of X-
point geometry and resistivity discussed in our paper.

A useful but difficult extension of the present work would be alow mode number
treatment of ion-neutral frictional effectsin divertor geometry retaining neutral
perturbations in the fully kinetic regime. In the low-n limit, resistivity is not dominant
[Fig. 6] and one expects the effects of the ion-neutral friction to be important; the
estimates given here and in Ref. 1 indicate that the neutral perturbations should be

retained for these modes.
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TABLE I. Growth ratesin units of 103 s1 of the most unstable eigenmode with n = 100.
Results of ideal and resistive ballooning stability calculations are given on two reference
field lines in the SOL ( = 0.01 and 0.03) for the two equilibria shown in Fig. 2. For
comparison, the growth rates without neutrals (in the same units) is 65 in the ideal case
and 265 in the resistive case for the high-recycling equilibrium () = 0.01).

Case High-Recycling Detached
Y =0.01, ideal 12 13
P =0.01, resistive 230 240
Y = 0.03, ideal 38 35
P =0.03, resistive 235 246

TABLE Il. Values of the ballooning parameter 6, and the terms in the dispersion
relation, Eq. (1), normalized to the curvature drive for the most unstable eigenmode (with
n =100 and Y = 0.01). Here, f;; = w/(w + wy) isthe resistivity factor. The minus signs
indicate that the neutral and line bending terms are stabilizing.

High-Recycling Detached
ideal resistive ideal resistive
% 3.6 15 6.3 15
[ kﬁ Vg 0 90 ~0.10 ~0.49 ~0.01 ~0.48
N /5,0 -0.85 ~0.11 ~0.44 ~0.04
Yy 0/ 0 ~0.02 ~0.07 —~0.40 ~0.07
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Figure Captions

Fig. 1 Selected flux (constant Y ) surfaces near the separatrix for the two-wire model of a

single-null X-point divertor. [From Myraet al., Ref. 6]

Fig. 2 Normalized equilibrium profiles nj/ngq (dashed line), no/noq (solid line), and
To/T ey (dotted line) versus 0 on the reference field line Y = i, for two equilibria
described in the text: (@) an attached high-recycling case and (b) a detached case. Only
the region near the outboard divertor and X point (-0.17 < 6 < 1.0) isshown. The

normalizations are to upstream (u) and divertor plate (d) values.

Fig. 3 Eigenfunctions (%(9) for n = 100, the most unstable value of 8y, and the high-
recycling equilibrium described in the text. Shown are the ideal ballooning eigenfunction
with 84 = 3.6 (solid line) and the resistive ballooning mode with 84 = 1.5 (dashed line).

Fig. 4 Growth rate y (103 s'1) of the most unstable n = 100 mode versus normalized
neutral pressure at the divertor plate (dp0 = pod/pru) for thefield line Y = 0.01 and the
high-recycling equilibrium. Shown are the ideal case (solid line) and the resistive case
(dashed curve). For each curve, the most unstable value of 6, is independent of dpo and
has the value shown in Tablell.

Fig. 5 Growth rate y (103 s'1) of the most unstable n = 100 ideal mode (8, = 6.3) versus
Teg(eV) for detached equilibria (pig/pu <<1, Ted/T ey << 1). The observed variation with
temperature is due to theion-neutral drag term WS [JThesharpriseof yasTeg —» O

(nig — ) isdueto the ion-neutral drag instability. The mode stabilization for Teg > 1.8
eV isaso caused by m\z} CJwhich reversessign for Teg > 0.7 €V as explained in the text.

Fig. 6 Growth rate y (103 s'1) versus toroidal mode number n for the high-recycling
equilibrium (g = 0.01) with several stability models. (@) resistive model without neutrals
(dashed line); (b) resistive model with neutrals (solid line); (c) ideal model without
neutrals (dashed line); and (d) ideal model with neutrals (solid line). For each curve, the
most unstable B, for n = 100 was used (see Tablell).
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Fig. 7 Plot of the eigenfunction (%(6) (solid line) and the instability drive yﬁ(e)/yrzmhol
(dashed line) in the outboard divertor region for n = 100, 8, = 6.3, and the detached
equilibrium with the parameters Teg = 0.1 €V and Zgfs In A = 0.5. Thus, asmall amount
of resistivity permits a highly localized branch of the ion-neutral drag instability.
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Fig. 2 Normalized equilibrium profiles nij/ngg (dashed line), ng/ngg (solid
line), and Te/Tey (dotted line) versus 8 on the reference field line Y =Yg
for two equilibria described in the text: (a) an attached high-recycling case
and (b) a detached case. Only the region near the outboard divertor and
X point (-0.17 < 8 < 1.0) is shown. The normalizations are to upstream (u)
and divertor plate (d) values.



Fig. 3 Eigenfunctions &8) for n = 100, the most unstable value of
B0, and the high-recycling equilibrium described in the text. Shown

are the ideal ballooning eigenfunction with 8 = 3.6 (solid line) and
the resistive ballooning mode with 85 = 1.5 (dashed line).
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unstable value of 6q is independent of dpp and has the value

shown in Table II.
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n =100 was used (see Table II).
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Fig. 7 Plot of the eigenfunctionD(p(e) (solid line) and the instability
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amount of resistivity permits a highly localized branch of the ion-
neutral drag instability.



