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Abstract 

It is well known that the pure drift-Alfvén wave (DW) (i.e. in the absence of 

curvature and toroidal coupling effects) is stabili zed by magnetic shear in circular flux 

surface geometry when the drift frequency is constant radially, [P.N. Guzdar, L. Chen, 

P.K. Kaw and C. Oberman, Phys. Rev. Lett 40, 1566 (1978)] as is implicit in a local 

ballooning analysis. In the edge plasma near a magnetic separatrix, X-point geometry is 

important and the circular flux surface model does not apply.  Using several numerical 

codes and analytical models, we find that the DW is robustly unstable in this case. 

Physically, instabilit y is driven by wave reflection from the steep profile of k⊥  near the X-

points, due to magnetic shear and the local minimum of the poloidal magnetic field.  It is 

concluded that a complete set of dimensionless parameters describing edge turbulence 

must include DW parameters that embody the physics of X-point effects and plasma 

shaping.  

 

 
PACS:  52.35.Kt, 52.35.Bj, 52.55.Fa 
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I. Introdu ction 

The drift-wave character of edge turbulence has long been of interest for 

magnetically confined, fusion-relevant plasmas, including the tokamak.  Moreover, drift 

effects may be of special interest in low aspect ratio tokamaks and spherical tori, as a 

result of the low outboard magnetic field, relatively large Larmor radii , and large drift 

frequencies in the outboard edge plasma. 

A great deal of work on drift waves has been reported in the literature, only a 

small fraction of which is cited in the following.1-16  Much effort was directed towards an 

understanding of the “universal” drift instabilit y in sheared systems, first in slab (or 

cylindrical) geometry and then in toroidal geometry.  Because our present interest is in 

edge physics and the steep density gradient pedestal region, the papers which are most 

relevant employ a drift-Alfvén (drift-magnetohydrodynamic) model, where the drift  

frequency ∗ω can be comparable to the Alfvén frequency ωa = k||va.  Generally, the model 

must include dissipative (resistive) or electron inertial effects to obtain instabilit y.  In this 

paper, we consider the drift-Alfvén wave class of instabiliti es, hereafter referred to as 

drift-wave (DW) instabiliti es for brevity. 

Early work employing local theory in shearless systems identified the basic DW 

instabilit y drive mechanisms.1-4 A body of literature dealing with the subtleties of drift 

instabiliti es in sheared slab (or equivalently a sheared cylinder or infinite aspect ratio 

torus) ultimately showed that the resistive drift-Alfvén mode was stable unless either 

toroidal curvature effects (entering at finite aspect ratio) or a ∗ω  profile with a maximum 

was considered.5,6  The physics of shear damping and the role of toroidal effects on drift 

waves were explored in a series of papers.7-9  The latter of these9 even considered X-

point effects, but not in the context of a drift-Alfvén model where the physics we are 

highlighting in the present paper could emerge.  The drift-Alfvén equations remained a 

useful paradigm for plasma edge turbulence, enabling studies of turbulent cascades, and 

turbulence-induced diffusion in both shearless4,10 and sheared11-14 models of interest for 

both tokamaks and stellarators.15  The possible role of the drift-Alfvén mode in the 

physics of the low-to-high confinement (L-H) transition has also been explored.16  In a 

recent paper along these lines,17 an equil ibrium X-point effect was invoked in 

conjunction with drift-wave physics; however, the drift wave itself was treated in a 

shearless slab. 
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The full drift-resistive magnetohydrodynamic (DRMHD) model in an 

axisymmetric torus contains both the drift-Alfvén instabiliti es which we consider here, 

and the curvature-driven (ideal and resistive ballooning) modes on which we have 

focused in earlier papers.18,19  The curvature-driven modes are relatively well 

understood, at least at a conceptual level.  Typically ideal magnetohydrodynamic (MHD) 

instabilit y sets in when a parameter 2
a

2
mhd /~ ωγα  exceeds an order unity threshold.  

Here the curvature drive is characterized by )RL/(c~ n
2
s

2
mhdγ  where cs is the sound 

speed, R the major radius of the torus and Ln the density (or pressure) gradient scale 

length.  In the resistive magnetohydrodynamic model (RMHD), there is generally 

instabilit y at suff iciently high mode numbers even when α is below the criti cal value for 

ideal instabilit y.  When ion finite Larmor radius and drift effects are retained, as in the 

full DRMHD model, resistive modes are suppressed when the parameter mhdid /~ γωα ∗  

exceeds a value of order unity.  Here the relevant wavenumber k⊥  to be employed in i∗ω  

is determined from balancing the resistive and ideal terms in the ballooning equation (viz. 
2
amhd ~ ωγωη ).  The relevance of the dimensionless parameters α and αd can be deduced 

from simple linear physics considerations,20 although it appears that they also play a 

fundamental role in the nonlinear evolution of turbulence,21 and in the subsequent 

generation of sheared flows.22 

While the concepts described in the preceding paragraph are most easily 

understood in the geometry of a large aspect ratio torus with circular flux surfaces, they 

are also relevant with some modification to the curvature-driven instabiliti es in divertor 

geometry near a magnetic separatrix.  In previous work,18,19 we showed that X-point 

geometry and resistive effects were synergistic for a class of curvature-driven modes, the 

resistive X-point (RX) modes.  The strong magnetic shear and deep local minimum of the 

poloidal magnetic field near an X-point give rise to short scales lengths (high local k⊥ ) 

for resistive ballooning modes, enhancing the effect of X-point resistivity.  This has the 

effect of making resistive physics (and hence curvature-driven instabilit y) important at 

much lower mode numbers than would otherwise be possible. 

In the present paper we show that X-point geometry has an equally important, and 

more subtle, effect on the drift-Alfvén class of instabiliti es. As noted previously, it is now 

well known that the pure DW (pure meaning in the absence of curvature and toroidal 

coupling effects) is stabili zed by magnetic shear in circular flux surface geometry when 

the drift frequency is constant radially.5-8  For the radially localized ballooning modes 

that we consider in this paper, the radially constancy of ∗ω is implicit. Thus we should, 

and do, find that our DRMHD model is stable in circular geometry when curvature effects 
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are suppressed.  In contrast, the same model exhibits robustly unstable modes in divertor 

geometry.   

One way of anticipating this result is to note that in a radial eigenmode analysis of 

DW instabilit y in circular geometry the results tend to be sensitive to the physics near the 

rational surface defined by k|| = (nq−m)/qR = 0.   Near a separatrix, the local safety factor 

(determined by the local field line pitch) qloc = qloc(ψ, θ) varies strongly along a field 

line, and consequently a well defined rational surface does not exist (or to be more 

precise, the k|| = 0 surface does not coincide with a flux surface).  It is not surprising that 

this fundamentally changes the character of the drift wave. 

The goal of our paper is to explore the physics basis for DW instabilit y, and to lay 

the groundwork for understanding new dimensionless parameters for edge turbulence that 

take the flux surface geometry as well as relevant DW plasma parameters into account.  

Ultimately it is hoped that the results will provide a deeper understanding of the role of 

DW physics on resistive X-point (RX) modes when both curvature and DW drives are 

present and competitive. 

To explore the physics of these modes, we will draw upon several numerical 

codes and analytical models, which are briefly summarized next.  Our most complete 

numerical model is the global three-dimensional electromagnetic turbulence code BOUT19  

which follows the time evolution of the plasma instabiliti es through and beyond their 

linear growth phase.  We also employ two linear eigenvalue codes which invoke the 

ballooning formalism.  The BAL code18 is a shooting code based on the second order (in 

∇ ||) DRMHD Alfvén ballooning mode equation.  The MBAL code, discussed here, is a 

matrix method eigenvalue solver that treats the more complete set of coupled Alfvén and 

sound waves.  Our analytical models, described in Sec. IV, describe special cases for the 

dependence of k⊥  along a field line, and include a two-region model and a power law 

model.  

The plan of our paper is as follows.  In Sec II we present the basic equations and 

review the underlying physics of drift-Alfvén wave instabilit y in a shearless slab plasma.  

In Sec. III we show from numerical solutions of the equations in X-point geometry that 

DW instabilit y persists.  The cause of the instabilit y is shown to be due to X-point effects.  

Section IV develops some simpli fied physics-based models which incorporate the main 

geometrical effects of the X-points and permit some insight into the driving mechanism.    

In Sec. V the role of the sound wave is considered.  Our conclusions are given in Sec. VI.  
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Several details of the two-region model and the power law model are given in the 

Appendices. 

II. Reduced DRMHD model and d rift -Alfvén instabili ty 

A. Basic DRMHD equations 

We begin with a standard reduced four-field model for DRMHD given by the 

equations of vorticity, electron continuity, Ohm’s and Amperes laws, and total parallel 

momentum.  The linearized set of equations takes the following form 

 ( )11||a21i
1 niJv

K

1
i

t κ∗ ω+∇−φω−=
∂
φ∂

 (1) 

 ( )
B

u
BcJvnii

t

n 1
||s1||a1e1ee

1 ∇−∇+ω+φω+ω−=
∂

∂
κκ∗  (2) 

 [ ])n(vKJ)i(
H1

1

t

J
11||a

2
1e

1 −φ∇+ω+ω
+

−=
∂
∂

∗η  (3) 

 12
a

es
1i1

2
||||1||s

1 J
Kv

)1(ic
uiun)1(c

t

u ∗
κ

ωτ+
+ω+∇µ+∇τ+−=

∂
∂

 (4) 

where the perturbed field quantities are defined by 

 
e

1 T

eδφ=φ  (5) 

 
n

n
n1

δ=  (6) 

 
a

||
1 nev

J
J

δ
=  (7) 

 
s

||
1 c

v
u

δ
=  (8) 

It is also useful to define the perturbed quantity 

 11 n−φ=ψ  (9) 

Other notations are standard, in particular skK ρ= ⊥ , iss /c Ω=ρ , ie
2
s m/Tc = , τ = 

Ti/Te, i
22

a nm4/Bv π= , πη=ω ⊥η 4/ck 22
|| , n)neB/cT( ee ∇×⋅−=ω ⊥∗ bk , 
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n)neB/cT( ii ∇×⋅=ω ⊥∗ bk , 2
pe

22 /ckH ω= ⊥ , κ×⋅=ω ⊥κ bk)eB/cT2( ee , 
κ×⋅=ω ⊥κ bk)eB/cT2( ii , �

� � � ωκ = ωκe+ ωκi, ii
2
i|| /v92.1 ν=µ . 

The MBAL code solves Eqs. (1) – (4) in full , while the BAL code neglects u1 to 

obtain a second order differential equation along the field lines.  Various further 

approximations are shown to be useful in highlighting the underlying physics of the DW 

instabilit y in X-point geometry.  Throughout this paper, we shall neglect the curvature 

terms ωκ, ωκe and ωκi to highlight the role of drift-driven,  as opposed to curvature-

driven, instabiliti es. 

B. Drift-Alfvén instabilit y in a shearless slab 

The well known dispersion relation for the drift-Alfvén instabilit y in a shearless 

slab may be derived from Eq. (1) – (4).  It is convenient for later use to construct coupled 

equations for φ = φ1 and ψ 

 ωφ=ψ
ω
G

2
a  (10) 

 ψω−ω=φω−ωω−+ω ∗ )ˆ(]ˆˆ)K1([ 2
s

22
se

22  (11) 

where 

 Hi)H1(G e ω→ω−ω++ω= ∗η  (12) 

ωa = k||va, ωs = k||cs, 
2
s

2
s )1(ˆ ωτ+=ω , )1(ˆ ee β−ω=ω ∗∗ , 2

a
2
s /ˆ ωω=β  and the final form 

for G in Eq. (12) is the colli sionless electrostatic limit .  Here we have neglected i∗ω  for 

simplicity, since it does not play a major conceptual role for this instabilit y. 

We note that when the square bracket on the left-hand-side of Eq. (11) vanishes, φ 

becomes singular.  Later when we consider the ballooning equation generalization of Eq. 

(11) this singularity will occur at isolated points along the field line when ωs is neglected 

and ω approaches the real axis. 

The dispersion relation for drift-Alfvén modes is 

 
2

2
s

2
a

2

2
se2 ˆ

1
G

ˆˆ
K1

ω

ω
−=

ω
ω












ω

ω
−

ω
ω

−+ ∗  (13) 

which is fourth order in ω.  The bracket on the left-hand-side together with the right-hand 

side provides a low frequency sound wave, and the drift wave (or if 0e =ω∗ , the two 
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sound waves), and the remaining factors provide the two Alfvén waves (e.g. in the ideal 

MHD limit where G → ω and K, e∗ω  → 0).   

Figure 1 shows the dispersion plot corresponding to the colli sionless electrostatic 

cold ion limit of Eq. (13) for an ill ustrative set of edge parameters (B = 5 kG, Bθ = 2 kG, 

R = 100 cm, Te = 120 eV, ne = 3.5 × 1012 cm-3, Ln = 0.75 cm). Instabilit y results from 

the coupling of the drift and Alfvén branches.  Neglecting ωs, the dispersion relation may 

also be rewritten to highlight the drift and Alfvén wave mode crossing as 

 )KiH())(K( 222
a

2
e

2 ω−ω+ωω−=ω−ωω−ω+ω η∗ . (14) 

At mode crossing, when ωa = )K1/( 2
e +ω∗  ≡ ω + δω, one can expand the above form 

for small δω to show the destabili zing effects of resistivity (ωη) and electron inertia (H) 

and the stabili zing effects of polarization drift [K or β = (me/mi) (K2/H)].1,2,16 

While the basic character of this instabilit y in shearless slab geometry is modified 

in an essential way by magnetic shear in the circular flux surface tokamak model, we will 

see that it again becomes relevant when X-point effects are taken into account. 

III. DW in X-point geometry 

A. BOUT code results 

BOUT code modeling of similar plasmas in circular flux surface and X-point 

geometry provides dramatic evidence of the role of the X-point effects.  Results for the 

time evolution of a simulation initiated at noise levels is shown for the two cases in 

Fig. 2.  For the circular flux surface Continuous Current Tokamak (CCT)23 plasma (using 

ill ustrative parameters at the top of the edge pedestal: Te = Ti = 47.2 eV, ne = 4.93 ×1012 

cm-3, B = 2.6 kG, R = 148 cm, a = 36 cm, q = 3, s = 2, and peak gradients Ln = LT = 3.0 

cm at Ψ = 98%) the simulation remains at noise levels.  In contrast the divertor geometry 

National Spherical Torus Experiment (NSTX)24 plasma (using ill ustrative parameters at 

the top of the edge pedestal: Te = Ti = 53.4 eV, ne = 4.58 ×1012 cm-3, Ba0 = 2.6 kG at the 

outboard midplane, R = 154 cm, a0 = 46 cm, q95 = 3.2, and peak gradients Ln = LT = 2.5 

cm at Ψ = 98%) shows the exponential mode growth of a strong linear instabilit y. In these 

BOUT code runs, as in all results for this paper, curvature terms are suppressed to 

highlight the drift wave physics. 
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B. BAL code results 

To understand the BOUT code results and elucidate the DW physics, we have 

performed a number of BAL code runs.  The goal has been to isolate the crucial physics 

for DW instabilit y, so that the role of geometry can be explored in the simplest possible 

physics model.  The BAL code confirms robust instabilit y only in divertor geometry. 

Sample runs for an NSTX double null geometry (using the ill ustrative base case 

parameters given in Sec. II) compare the unstable spectra for three physics models in 

Fig. 3: the  full electromagnetic model, the electrostatic limit , and the electromagnetic 

model with the colli sionless skin term H artificially suppressed.  Results show that 

instabilit y for these parameters (which imply ω ~ e∗ω > νe) is driven mainly by the 

colli sionless skin term and the electromagnetic character of the mode is not criti cal.  The 

real frequency of the mode (not shown in the figure) is of order e∗ω . 

The low-n feature of the spectrum seen in Fig. 3 may be related to the “coherent 

mode” seen in some BOUT turbulence simulations25 for Alcator C-Mod.26 and NSTX.  

For the NSTX case that we have checked, the BOUT coherent mode and the low-n BAL 

code feature have similar perpendicular wavenumbers and oscill ation frequencies.  A 

series of BAL code runs indicate the dominant scaling of this feature with parameters.  

Instabilit y is strongest at low Ti, high Te small Ln and high q.  Stronger drive correlates 

with the spectrum peaking at lower n. The q scaling is particularly strong, and is 

ill ustrated in Fig. 4.  Depending on parameters the mode can be colli sionless or 

colli sional, as for the slab drift-Alfvén instabilit y.  The competition between the 

destabili zing skin effect and the stabili zing polarization drift results in a peak at a 

particular n. 

The above studies are useful in guiding us to the simplest physics model in which 

DW instabilit y exists.  Using this reduced model will t hen permit an exploration of why 

and how the X-point geometry matters.  A suitable reduced model is the electrostatic, 

colli sionless limit with Ti = 0.  In this model, the ballooning equation reduces to 

 0
B

1

H

v
)K(B 2

||||

2
a

e
2 =ψω+ψ∇∇

ω
ω−ω+ω ∗  (15) 

It is instructive to examine the structure, along the field line, of an unstable 

eigenmode of this equation.  A typical example is shown in Fig. 5 where the X-points are 

located at θ = 0 and 4 and 0 < θ < 4 corresponds to the outboard midplane of this double 

null configuration.  Here θ is the usual extended ballooning coordinate.  Several features 
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are noteworthy.  The height of the eigenfunction in the outboard midplane region is large 

indicating the instabilit y drive region is here, and that mode is flat in this region and has a 

standing-wave character.  For large positive or negative θ, there is a clear outgoing wave 

structure.  The jaggedness of the mode results from successive interactions with the X-

points (and is not indicative of the scale of the numerical resolution which exceeds 

plotting accuracy). 

By examining the variation of the quantity 

 ωω−+=Λ ∗ /K1 e
2  (16) 

along the field line (not shown) it is found that Re(Λ) changes sign near the X-points, 

being negative in the region 0 < θ < 4 and otherwise positive.  Re(Λ) < 0 corresponds to a 

“negative energy” drift wave, [heuristically, from Eq. (15), δW ∝  Λ|∇ ||ψ|2] thus 

confirming the location of the instabilit y drive region.  The point Λ = 0 is a singular point 

of Eq. (15), which will be discussed in more detail i n Sec. V.  For a robustly growing 

mode, the singular point is far off the Re(θ) axis. 

The preceding analysis is a guide to the minimal set of physical equations that 

describe DW instabilit y, but it does not lend much insight into the role of geometry.  Why 

is the infinite aspect ratio circular plasma stable while the X-point plasma is unstable?  

Examining the terms of Eq. (15), the differences between the circle and X-point geometry 

cases can be categorized as: i) θ variations of B and R (not present in the infinite aspect 

ratio circular flux surface limit ), ii ) field line lingering near the X-point (i.e. θ variation of 

the Jacobian relating d/dθ and ∇ ||) and iii ) X-point effects on the K(θ) profile (i.e. 

variations of magnetic shear and Bθ).  Point i), the θ variations of B and R, is really a 

toroidal coupling effect, which is well known to lead to drift-wave instabilit y;7,8 thus we 

concentrate on the other two X-point related effects.   

The runs summarized in Fig. 6 explore some artificial, but instructive, numerical 

tests.  They indicate that instabiliti es result when either effect ii) or iii ) is added to the 

circular flux surface geometry model.  Thus, the circular model represents a 

mathematically unique limit and a very special case for pure DW stabilit y: stabilit y results 

can be sensitive to small changes from a pure circular model. 
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IV. Simpli fied ph ysics-based models  

A. Two-region model with Born matching 

The analysis of the DW eigenfunction shown in Fig. 5 suggests that a very simple 

physics-based conceptual model might be useful in understanding more transparently how 

X-point geometry supports unstable modes.  The physics is essentially that of the 

Hasegawa-Wakatani model4 extended to include electron inertia and a simple geometric 

model for X-point magnetic shear.     

We consider two regions along the field line 0 < θ < ∞ for an even parity mode.  

Region one for Eq. (15) is defined by K << 1 and is the drive region for instabilit y. In this 

region we let 

 Lz0,zkcos 1|| <<=ψ  (17) 

where z is distance along the magnetic field.  The local uniform plasma dispersion 

relation in region one relates ω to k⊥  and k||1 

 3
e

2
1a H)( ω=ω−ωω ∗  (18) 

Similarly, region two is defined by K → ∞ and corresponds to the outgoing wave region. 

In this region we let 

 ∞<<−=ψ zL)],Lz(ikexp[A 2||2  (19) 

with local dispersion relation 

 2
e

22
2a

2 H/K ω≡ω=ω  (20) 

In the above ωa = k||va and ωe = k||ve where va and ve are the Alfvén and electron thermal 

velocities. 

The two regions are matched together by a jump condition applied at z = L where 

L is a parallel scale length (typically of order R on field lines near the separatrix).  If we 

were to neglect the pole contribution arising from Λ [see Eq. (16)] the jump condition 

from Eq. (15) is just continuity of ψ and ∇ ||ψ.  More generally, we obtain 

 [ ] ψ=ψ∇ +
− Q|| , (21) 

where it is shown in Appendix A using a Born approximation (ψ constant across the 

matching region) that 
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 




 π−ξ−=

L

L
i

L

L
QL Kt2 , (22) 

where dz/dKKL 11
K

−− =  and Lt is the length of the matching region.  Here we have also 

defined ξ = ωL/ve.  For validity of the two-region model Lt/L << 1 is required. 

Combining Eqs. (17) – (21) we obtain the following coupled equations for the 

global eigenvalue ξ ∝  ω 

 QLixtanx +ξ−=  (23) 

 32
0

2 K)(x ξ=ξ−ξ ∗  (24) 

where x = k||1L, ξ = ωL/ve = k||2L,  ee v/L∗∗ ω=ξ = K0/λ , L/L)m/m( n
2/1

ei=λ  and 

K0 is the value of K in region 1 (corresponding to kθρs at the outboard midplane). 

Analytical solutions of this eigenvalue equation are possible in many limiti ng 

cases.  Details are given in Appendix B.  One important limit that qualitatively 

reproduces the results of the BAL code is as follows.  We neglect Q, expand the tan 

function for ξ << 1 and consider K0 << λ1/2 to obtain Re ξ ~ K0/λ and Im ξ ~ K0
4/λ2.  

Thus in dimensional variables the mode has a real frequency of order e∗ω and a growth 

rate γ << e∗ω .  The mode is flat between X-points because ξ << 1 implies x =  k||1L <<1. 

The pole contribution adds a damping term proportional to iπLK in Eq. (22) that 

generally reduces the growth rates.  If the two-region model is taken to model X-point 

geometry, then LK/L is a small parameter because, in the X-point region where the pole is 

to be evaluated, the strong magnetic shear makes LK very short.  We speculate from this 

qualitative argument that the larger order unity size of LK/L in circular flux surface 

geometry may heuristically explain the stabilit y of the DW in that limit.  This point will 

be discussed further in connection with Fig. 7. 

The two region model permits an evaluation of the ratio of transmitted (outgoing) 

wave to the standing wave amplitude, viz. ψ at the transition boundary z = L.  This ratio 

is just sec ξ .  The net growth of the drift wave is determined by balancing the instabilit y 

drive with the outgoing wave energy loss.  The amount of reflection at the X-point (here 

the z = L boundary) determines this balance. 
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B. Power law model 

While the two-region model is conceptually useful, it does not permit a rigorous 

connection between X-point and circular geometry to be made.  To accomplish this we 

consider a power law model for the K(θ) profile. 

Our starting point for this model is the colli sionless electrostatic eigenmode 

equation written in dimensionless variables 

 0K)/K1( 22
2

2
2 =ψξ+

θ∂
ψ∂ξξ−+ ∗ . (25) 

Here, ξ = ω/ωe,  ee / ωω=ξ ∗∗ = K0/λ where in analogy to the notation of the two-region 

model λ = Ln/(qRµe
1/2), µe = me/mi and ωe = ve/qR.  For this model, we consider the 

family of K profiles given by 

 ])s(1[KK 2
0

2 νθ+=  (26) 

so that ν = 2 corresponds to the standard circular flux surface model, and larger ν yields 

steeper profiles which can mock up X-point effects.  A comparison of K(θ) profiles for an 

NSTX double dull case and Eq. (26) is given in Fig. 7a.  Note that the power law model 

gives a good fit in the drive and transition regions.  The power law model is not correct 

asymptotically for large K when ν ≠ 2, but this is of littl e consequence as the eigenmode 

equation is independent of K in this asymptotic regime.  Figure 7b compares the inverse 

ratio of scales lengths L/LK that appears in Eq. (22) and controls the strength of damping 

from the pole contribution.  The value of L/LK is only important at the pole, Λ = 0.  In 

divertor geometry, the system can find an eigenvalue such that the pole is located where 

L/LK is large (giving weak damping) while in circular geometry L/LK is evidently never 

large enough to permit instabilit y. 

When ν is varied and the eigenvalue problem given by Eq. (25) is solved, we can 

continuously track the growth rates from zero at ν = 2 to the asymptotic limit of the two-

region model when ν → ∞.  Results are shown in Fig. 8.  The relation between the ν → ∞ 

limit and the two-region model is given in Appendix C. 

Again, the results show that the circular plasma case is special.  The colli sionless 

electrostatic model in circular geometry is marginally stable, and thus susceptible to 

instabilit y or over-stabilit y by the addition of small effects.  For example, we have shown 

that the coll isional electromagnetic model in circular geometry is over-stable (not shown).  

However, for ν greater than a criti cal value, robust instabilit y generally results.  We 
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interpret the instabilit y as resulting from reflections of the outgoing wave by the steep 

gradients in the K(θ) profile. 

V. Role of the sound wave  

So far, we have not considered the role of the sound wave in detail . In this section 

we show that explicitl y including the sound wave in the model does not change our 

conclusion that the DW is stable in circular geometry but unstable in X-point geometry. 

As alluded to in the preceding discussion, the singular point given by Λ = 0 in 

Eqs. (15) and (16) physically represents damping due to a mode conversion of the Alfvén 

wave to a sound wave.  Treating the singular point as a pole (as occurs when ωs is 

neglected in the model) retains the physics of sound wave damping, but cannot describe 

the sound wave propagation.  To retain sound wave propagation, we employ the MBAL 

code which solves Eqs. (1) – (4) by matrix methods.   

The MBAL code discretizes the parallel derivatives by employing a spectral 

decomposition.  This results in a standard eigenvalue problem for a large, full , non-

symmetric complex matrix which is solved by a commercially available package.  The 

use of a non-uniform grid enables resolution of the fine structure of the sound wave near 

the mode-conversion point. 

We have employed the MBAL code to study the effect of retaining the parallel 

velocity u1.  In general u1 has littl e effect on the growth rates in either the circular plasma 

or X-point cases.  The qualitative effect on the eigenfunction is most dramatic in the 

circular plasma case, where the growth rate theoretically tends to zero and the singular 

point Λ = 0 occurs on the real θ axis.  In practice, this limit i s exceedingly diff icult 

numerically.  Small reflections from the numerical box boundaries at large θ give rise to 

small but finite growth rates in the circular plasma limit .  An example is shown in Fig. 9 

where the potential φ1 is shown with the sound wave suppressed and with it retained.  The 

singularity in φ1 is evident in Fig. 9 a).  When u1 (hence the sound wave) is retained in 

Fig. 9 b) the singularity is resolved and the sound wave propagation and damping is 

evident.   For these cases the growth rate is the same to within numerical errors, and the 

real frequency differs by about 20%. 
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VI. Conclusions  

We have shown that the pure drift-Alfvén wave (in the absence of curvature and 

toroidal coupling effects) is robustly unstable in X-point geometry even though it is stable 

in circular flux surface geometry.  Physically, instabilit y is enabled by reflections of the 

waves from the X-point regions as they propagate along the field lines.  The reflections 

are caused by the steep k⊥ (θ) profile that arises due to both strong X-point magnetic shear 

and the local zero of Bθ.  When these reflections occur at both upper and lower X-points 

(e.g. in a double null configuration) a partial standing wave forms between X-points on 

the outboard edge, and is susceptible to drift-Alfvén instabiliti es that have the same basic 

character as in a shearless slab configuration.  Depending on parameters, the familiar 

colli sionless (electron inertia driven) and colli sional (resistivity driven) versions of the 

instabilit y occur.  Growth rates are generally weaker in realistic divertor geometry than 

for an equivalent shearless slab because the realistic geometry allows for partial 

transmission of wave energy through the X-point region where it becomes outgoing 

energy flux that damps the mode.   

The present work can be thought of as building most directly on Ref. 5 since we 

investigate the stabilit y of the drift-Alfvén modes in a similar physics model.  (We 

extended it only slightly to include electron inertia giving rise to the colli sionless skin 

terms.)  Instead of studying the radial profile effects of )r(∗ω  from a radial eigenvalue 

analysis, or examining toroidal coupling and curvature effects, we considered the effect of 

X-point geometry in a ballooning analysis along the field lines, implicitl y taking )r(∗ω  

constant.  Since we find that this model is suff icient to give rise to drift-Alfvén instabilit y, 

it is tempting to speculate that any poloidal modulation of B or shear can allow instabilit y 

in a drift wave system whether it is due to toroidal effects or poloidal geometry (shaping 

or X-points). However, not surprisingly as we have seen, the effect of X-points is 

particularly pronounced. 

As a result, divertor geometry introduces a new drive for drift-wave instabilit y 

that can contribute to edge turbulence together with the curvature drive that has been 

previously investigated for resistive X-point modes.  A characterization of the relevant 

dimensionless drift parameters will be an important topic for future work; however, it is 

clear from the present paper that they must embody the physics of reflection due to X-

points and flux surface shaping, and must vanish in the cylindrical plasma limit . 
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Appendix A: Pole contributions in the two-region model 

In this appendix, we consider a rigorous derivation of the matching condition 

between the two regions of the model considered in Sec. IV A.  In particular, we present 

the derivation of Eqs. (23) and (24) with the pole contribution QL given by Eq. (22). 

In general, the jump condition between the two regions is given by integrating Eq. 

(15) across the transition between regions one and two, viz. 

 ∫
∗

+

− ω−ω+ω
ψω−=
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2
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2
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where dz is the increment of f ield line length measured parallel to B.   Concentrating on 

the pole contributions, we neglect the variation of va, B and ψ so that they may be pulled 

through the integral (the Born approximation).  This yields the result   
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The first term in the final form for Q gives rise to the Lt term in Eq. (22), where Lt 

is the length of the transition region.  In the remaining term, the limits of integration may 

be extended to ±∞ because the rapid growth of K2 allows the contour to be closed in the 

lower half of the complex z plane when Im ω > 0.  The residue is evaluated by expanding 

about the pole z = zp 

 ppp K)zz(K)z(K ′−+= , (A4) 

to obtain 
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Equation (22) is recovered upon defining the parallel scale of K as LK = Kp/K′p 

where Kp is K evaluated at the location of the pole.  [Here, we employ the definition of 

the pole, 2
pe Kω−=ω−ω ∗ , to eliminate the numerator in the second term of Q in Eq. 

(A3).] 

The global dispersion relation for the drift-Alfvén mode in this geometry is given 

by matching Eq. (17) for ψ in region one to Eq. (19) for ψ in region two, using the jump 

condition for ∇ ||ψ given by Eqs. (21) and (22).  The matching conditions at z = L are 

 LkcosA 1||2 = , (A6) 

 21||1||2||2 QALksinkkiA =+ . (A7) 

On eliminating A2 and employing x = k||1L and ξ = k||2L  Eq. (23) is immediately 

obtained.  Equation (24) results from rewriting Eq. (18) in terms of x and ξ. 

Appendix B: Analytic limits of the two-region model 

The two region model is amenable to analytic solutions in many interesting limits. 

We shall consider a few cases here, initially neglecting the Q term.  Its effect will be 

discussed subsequently. 

  In the small ξ limit , the tan x function can be expanded and x2 can then be 

eliminated from Eq. (24) to obtain a quadratic equation for ξ 

 22
0iK ξ=ξ−ξ ∗  (B1) 

If 1<<ξ ∗  we can further expand about ∗ξ=ξ  (corresponding to ω = e∗ω ) to obtain 

 24
0 /iK λ+ξ=ξ ∗ . (B2) 

This solution corresponds to those obtained numerically by the BAL code in 

several important ways: i) Re ω is near e∗ω and γ << e∗ω , ii ) since x <<1, the mode is 

flat in region one (the region between the X-points). The solution is inadequate in that Eq. 

(B2) does not permit the determination of a fastest growing mode over K for fixed λ. 

To remedy this, we consider the large ξ limit with the maximal ordering λ ~ K2 

<<1. In this limit , Eq. (23) can be solved to obtain x = x0 + x1 where x0 = π/2 and x1 = 

−ix0/ξ.  From this we obtain the dispersion relation 
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where the last term is small when λ ~ K0
2 but is required for instabilit y in the sub-

ordering limit λ << K0 << λ1/2.  Here we concentrate on the regime λ << 1, which is 

usually the relevant one for experiments.  Considering the sub-ordering first yields 
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This results in a growing mode very similar to that of Eq. (B2).  Together, the two 

solutions cover the range 0 < K0 << λ1/2.  For larger K0, the cubic term in ξ balances 

K0/λ to yield 

 

3/1
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2
0

K

x

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


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




λ
−=ξ  (B5) 

which has a growing root with Re ξ > 0.  Detailed analysis of the full cubic equation, 

Eq. (B3), shows that the maximum growth rate, Im ξ ~ λ−1/2, is achieved for K0 ~ 2λ1/2 

but for slightly smaller K ~ 0.8 λ1/2 the growth rate drops rapidly to match onto Eq. (B4) 

where Im ξ ~ 1.  The maximum growing mode has Re ω ~ γ ∼  e∗ω  ~ 

(mi/me)1/4cs/(LLn)1/2 and is not flute-like in the central region since x ~ π/2 where x = 

k||1L.  This limit i s not seen in the BAL code, possibly because when the mode departs 

significantly from being flat in region one, the Born approximation is suspect.  It is not 

surprising that the two-region model overestimates the growth rates that are obtained 

when the K profile is a smooth function of z or θ.  This point is further expanded upon in 

Sec. IV B and in Fig. 8. 

The above solutions are not dramatically affected by retaining the QL pole 

contributions.    Treating L||/L and LK/L as order unity parameters, we note that Eq. (22) 

gives QL ~ ξ2 which is therefore negligible in the small ξ solution of Eq. (B2).  In the 

large ξ limit , the leading order solution of Eq. (23) for x remains x ≈ x0 = π/2, however 

the correction term x1 now contains the new effects in QL.  Thus the solution procedures 

for the large ξ solutions of Eqs. (B4) and (B5) are not modified in any essential way.  The 

result is that Eq. (B5) is not modified to the order given and in Eq. (B4) the sound wave 

damping term arising from the pole residue now reduces the growth rate by competing 

with the drive term in Eq. (B4). 
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Appendix C: νν →→ ∞∞ limit of the power law model 

In the ν → ∞  limit , the power law model for K given by Eq. (26) yields K = K0 

for sθ < 1 and K→ ∞ for sθ > 1.  Thus, the solution of Eq. (25) in the two regions is 
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where 
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Matching ψ and dψ/dθ at sθ = 1 yields  

 ξ−= i)s/ktan(k  (C3) 

If we let s/kx~ = , s/
~ ξ=ξ , 2

00 K1KK
~ += , and sK1

~ 2
0 λ+=λ , then Eqs. (C2) and 

(C3) become 

 ξ−= ~
ix~tanx~  (C4) 
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Equations (C4) and (C5) are precisely those of the two-region model. 
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Figure captions 

1. Re and Im parts of ω (rad/s) vs. toroidal mode number n for the slab model dispersion 

relationship, showing the unstable coupling of the drift and Alfvén branches, and the 

low frequency sound wave.  Plasma parameters are given in the text, k|| = 1/R and k⊥  

= nB/RBθ.  The frequency of the sound wave has been artificially increased by a 

factor of 20 to make it visible on this plot. 

2. BOUT comparisons of drift-wave instabilit y in a) CCT and b) NSTX for similar 

plasma parameters.  Shown are surface plots of δnrms/n0 vs. radial coordinate x and 

time t.  The DW is stable in the circular flux surface geometry of CCT, while it is 

unstable in the divertor geometry of NSTX.  Note the difference in scales on the 

vertical axis.  In a) the plasma fluctuations remain at the small noise level where they 

were initialized. 

3. Unstable spectrum, Im ω = γ (103 rad/s) vs. toroidal mode number n for a sample 

NSTX case ill ustrating DW instabilit y in X-pt geometry.  Curves are EM (solid), ES 

(blue) and EM with H = 0 (long-dashed and labeled “no Skin”).  For these parameters 

(see text) the instabilit y is driven mainly by the colli sionless electron skin terms 

(electron inertia) and persists in the cold ion limit shown here. 

4. Unstable spectrum, Im ω = γ (103 rad/s) vs. n for the base case, and a case with q 

doubled. 

5. DW eigenfunction ψ  vs. extended ballooning angle θ for the colli sionless 

electrostatic model.  X-points are located at θ  = 0, 4.  Note the flat character of the 

mode between the X-points on the outboard side (0 < θ < 4) and the outgoing wave 

feature that is evident at large |θ|.  Base case plasma parameters are employed and the 

mode shown is for n = 32 and ballooning parameter θ0 = 2. 
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6. Unstable spectrum, γ = Im ω (103 rad/s) vs. n for the X-point geometry case (X-pt), 

circular flux surface case (circle), circle case with X-pt K(θ) profile (Kx), and circle 

case with X-pt Jacobian (Jx). Only the circle case is stable. 

7. a) Comparison of K(θ) profiles for an NSTX double null case (solid) and two power 

law forms:  circular geometry: s = 2, ν = 2 (long dashed), and best fit to NSTX:  s = 

0.6, ν = 20 (short dashed).  b) L/LK comparisons for the same cases.  The damping 

from the pole contribution is proportional to the inverse quantity LK/L.  When the 

pole is near the X-points at θ = 0, 4 the damping is greatly reduced compared to the 

circular geometry case. 

8. Dimensionless growth rate Im ξ vs. profile steepness ν for the case K0 = 0.4, λ = 0.3 

and s = 0.3.  Note that ν = 2 is stable (circular limit ) and that ν → ∞ asymptotes to the 

two-region model shown by the dashed line. 

9. Eigenfunctions φ(θ) from the MBAL code for a nearly stable case without the sound 

wave (a) and with the sound wave (b).  Retention of sound wave propagation resolves 

the singularity and leads to outgoing sound wave propagation but the growth rate is 

not changed significantly.  
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
R e  ω
Im  ω

ω

n

so und

d rift

A lfve n

Fig. 1. Re and Im parts of ω (rad/s) vs. toroidal mode number n for the slab model 

dispersion relationship, showing the unstable coupling of the drift and Alfvén branches, 

and the low frequency sound wave.  Plasma parameters are given in the text, k|| = 1/R 

and k⊥ = nB/RBθ.  The frequency of the sound wave has been artificially increased by a 

factor of 20 to make it visible on this plot. 
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Fig. 2. BOUT comparisons of drift-wave instabili ty in a) CCT and b) NSTX for similar 

plasma parameters.  Shown are surface plots of δnrms/n0 vs. radial coordinate x and 

time t.  The DW is stable in the circular flux surface geometry of CCT, while it is 

unstable in the divertor geometry of NSTX.  Note the difference in scales on the 

vertical axis.  In a) the plasma fluctuations remain at the small noise level where they 

were initialized. 
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Fig. 3. Unstable spectrum, Im ω = γ (103 rad/s) vs. toroidal mode number n for a 

sample NSTX case ill ustrating DW instabili ty in X-pt geometry.  Curves are EM 

(solid), ES (blue) and EM with H = 0 (long-dashed and labeled “no Skin”).  For these 

parameters (see text) the instabili ty is driven mainly by the colli sionless electron skin 

terms (electron inertia) and persists in the cold ion limit shown here. 
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Fig. 4. Unstable spectrum, Im ω = γ (103 rad/s) vs. n for the base case, and a case with 

q doubled. 
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Fig. 5. DW eigenfunction ψ  vs. extended ballooning angle θ for the colli sionless 

electrostatic model.  X-points are located at θ  = 0, 4.  Note the flat character of the 

mode between the X-points on the outboard side (0 < θ < 4) and the outgoing wave 

feature that is evident at large |θ|.  Base case plasma parameters are employed and the 

mode shown is for n = 32 and ballooning parameter θ0 = 2. 
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Fig. 6. Unstable spectrum, γ = Im ω (103 rad/s) vs. n for the X-point geometry case 

(X-pt), circular flux surface case (circle), circle case with X-pt K(θ) profile (Kx), and 

circle case with X-pt Jacobian (Jx). Only the circle case is stable. 
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Fig. 7. a) Comparison of K(θ) profiles for an NSTX double null case (solid) and two 

power law forms:  circular geometry: s = 2, ν = 2 (long dashed), and best fit to NSTX:  

s = 0.6, ν = 20 (short dashed). b) L/LK comparisons for the same cases.  The damping 

from the pole contribution is proportional to the inverse quantity LK/L.  When the pole 

is near the X-points at θ = 0, 4 the damping is greatly reduced compared to the circular 

geometry case. 
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Fig. 8. Dimensionless growth rate Im ξ vs. profile steepness ν for the case K0 = 0.4, λ 

= 0.3 and s = 0.3.  Note that ν = 2 is stable (circular limit) and that ν → ∞ asymptotes 

to the two-region model shown by the dashed line. 



 
 
 
 
 
 
 
 
 
 

a )

b )

φ

φ

θ

θ

 

Fig. 9. Eigenfunctions φ(θ) from the MBAL code for a nearly stable case without the 

sound wave (a) and with the sound wave (b).  Retention of sound wave propagation 

resolves the singularity and leads to outgoing sound wave propagation but the growth 

rate is not changed significantly. 


